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ARBOREAL CANTOR ACTIONS
OLGA LUKINA
Abstract. In this paper, we consider minimal equicontinuous actions of discrete countably gen-
erated groups on Cantor sets, obtained from the arboreal representations of absolute Galois groups
of fields. In particular, we study the asymptotic discriminant of these actions.
The asymptotic discriminant is an invariant obtained by restricting the action to a sequence of
nested clopen sets, and studying the isotropies of the enveloping group actions in such restricted
systems. An enveloping (Ellis) group of such an action is a profinite group.
A large class of actions of profinite groups on Cantor sets is given by arboreal representations of
absolute Galois groups of fields. We show how to associate to an arboreal representation an action
of a discrete group, and give examples of arboreal representations with stable and wild asymptotic
discriminant.
1. Introduction
Let G be a countably generated discrete group, and let X be a Cantor set, that is, a totally
disconnected compact metrizable space, which has no isolated points (such a space is called perfect).
In this paper, Cantor sets arise as spaces of paths in d-ary rooted trees T , see Example 1.1 for more
details. Such a space is also called the boundary of the tree T in geometric group theory [42], or the
set of ends of a tree [36, 42].
Let the group G act on X via the homomorphism Φ : G→ Homeo(X). We also denote the action
by (X,G,Φ), and write g · x for g(x). A group action (X,G,Φ) is minimal if for every point x ∈ X ,
the orbit {g · x | g ∈ G} is dense in X . Let D be a metric on X , compatible with the topology of
X . An action (X,G,Φ) is equicontinuous if for every ǫ > 0 there exists δ > 0 such that for every
g ∈ G and x, y ∈ X with D(x, y) < δ we have D(g · x, g · y) < ǫ. Intuitively, this definition means
that for any two points x, y ∈ X , their images under the action of any element g ∈ G are always at
approximately the same distance from each other, never getting too far apart or too close together.
In what follows, a ‘minimal Cantor system’ or a ‘minimal Cantor action’ or sometimes just ‘minimal
action’ always refers to a minimal action of a countably generated discrete group on a Cantor set.
When studying group actions on Cantor sets from the dynamical point of view, one would like to find
invariants, which classify the actions up to a certain equivalence. For example, the most significant
progress has been achieved in recent years in the classification of minimal actions of abelian groups up
to orbit equivalence [27, 28, 29], and recently a few authors considered the classification of minimal
equicontinuous actions of abelian groups [30], or, slightly more generally, free actions of non-abelian
groups [16], up to a conjugacy.
The main interest of the current paper is equicontinuous minimal group actions on Cantor sets
which have non-trivial isotropy groups, that is, there are elements in G which fix some, but not all,
points in the Cantor set X . Since the actions are minimal, points fixed by some elements in G are
necessarily moved around by other elements, as their orbits must be dense in X . In the setting of
actions with non-trivial isotropy, the methods used for abelian or free actions need not work; for
example, objects like the orbit cocycle in [16] may not be defined. Thus different, new invariants
are needed to understand actions with non-trivial isotropy.
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One such invariant, called the asymptotic discriminant, has been introduced by the author joint with
Hurder in [33], as a culmination of a series of papers on actions with non-trivial isotropy groups joint
with Dyer and Hurder [19, 20, 21]. The asymptotic discriminant of a minimal equicontinuous action
(X,G,Φ) is an invariant of return equivalence of minimal Cantor systems. Return equivalence for a
more general class of pseudogroup actions was defined and is explained in more detail in [14]. Recent
work [32] extends some methods from [16] to equicontinuous minimal Cantor systems with stable
asymptotic discriminant.
In this paper, we show that a large class of equicontinuous minimal actions with non-trivial isotropy
comes from so-called ‘arboreal representations’ of absolute Galois groups into the groups of auto-
morphisms Aut(T ) of d-ary rooted trees. The image of such a representation is a profinite group,
acting on the tree T by permuting infinite paths in the tree. As explained further in this section,
the representation is obtained as the inverse limit of finite groups, and so it contains a countably
generated dense subgroup Γ [46]. Denoting by G the group Γ with discrete topology, we obtain an
action of a countably generated discrete group G on the Cantor set of infinite paths in the tree. This
is made precise in our first main result, Theorem 1.7, which is stated further in the introduction and
proved in Section 3.
EXAMPLE 1.1. For readers with non-topological background we explain why the set of infinite
paths in a tree T is a Cantor set, and why the action of G on the set of paths is minimal and
equicontinuous. Recall that a Cantor set is a compact totally disconnected perfect metrizable space.
Let d ≥ 2, and let T be a d-ary rooted tree, that is, for n ≥ 0 the set Vn contains dn vertices, and
every vertex in Vn is connected by edges to precisely d vertices in Vn+1. A path in T is an infinite
sequence (vn)n≥0 = (v0, v1, v2, · · · ) such that vn and vn+1 are connected by an edge, for n ≥ 0. The
set of all such sequences, which we denote by Pd, is a subset of the product
∏
n≥0 Vn. The sets Vn are
given discrete topology, and so they are compact since they are finite. The product space
∏
n≥0 Vn
is compact by the Tychonoff theorem [51], and Pd is closed in
∏
n≥0 Vn by a standard argument.
Thus Pd is compact. Points are the only connected components in
∏
n≥0 Vn, and so
∏
n≥0 Vn (and
Pd) is totally disconnected.
Let π˜n :
∏
n≥0 Vn → Vn be the projection, and denote by πn = π˜n|Pd its restriction to Pd. Open
sets in the product topology on
∏
n≥0 Vn have the form
∏
n≥0 Un, where Un ⊆ Vn, and Un = Vn
for all but a finite number of n. Let U be such an open set, and let m = max{n | Un 6= Vn}.
Consider the intersection U ∩ Pd, which is an open set in Pd. Let wm ∈ Um be a vertex, and note
that wm ∈ Um is joined by an edge to precisely one vertex wm−1 ∈ Vm−1. Inductively we obtain
the vertices wi ∈ Vi, 0 ≤ i < m, such that wi+1 is joined by an edge to wi. Since Pd contains
connected paths in the tree T , a sequence (vn)n≥0 ∈ Pd satisfies vm = wm if and only if it satisfies
the condition vi = wi for 0 ≤ i ≤ m. Thus the set of paths Um(wm) = {(vn)n≥0 | vm = wm} ⊂ Pd
containing the vertex wm, can be written as Um(wm) = π
−1
m (wm), and the open set U ∩ Pd can be
written as U ∩ Pd = π−1m (Um) = ∪{π−1m (w) | w ∈ Um}. See also the discussion before Proposition
2.2 in [36] for a description of Pd using inverse limits.
Given a path (vn)n≥0, every open neighborhood of (vn)n≥0 contains an open set of the form Un(vn)
for some n ≥ 0. Since d ≥ 2, every such set Un(vn) is infinite, and so (vn)n≥0 is not isolated. So Pd
is perfect. Since Vn are finite sets, the complement of every open set π
−1
n (Un), where Un ⊂ Vn, is
also open, which means that π−1n (Un) is open and closed. A set which is open and closed is called a
clopen set.
Let G be a countably generated discrete group, and let G act on the tree T by permuting vertices
in each Vn, n ≥ 0, in such a way that the connectedness of paths in T is preserved, and the action is
transitive on each Vn. Since permutations are bijective, the action of each g ∈ G induces a bijective
map Φ(g) : Pd → Pd. The image of an open set Un(w) under Φ(g) is an open set Un(g ·w), so Φ(g)
is a homeomorphism. Thus G acts on Pd by homeomorphisms.
Let (vn)n≥0 ∈ Pd be a path. Since G acts transitively on Vm, for m ≥ 0, for every wm ∈ Vm there
exists g ∈ G such that g · vm = wm. Then g · (vn)n≥0 ∈ Um(wm), and the orbit of (vn)n≥0 is dense
in Pd. Thus G acts minimally on Pd.
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To conclude Example 1.1, define a metric D on Pd by setting
D((vn)n≥0, (un)n≥0) =
1
dm
, where m = max{n | vn = un},(1)
that is, D measures the length of the longest finite path contained in both (vn)n≥0 and (un)n≥0.
Since G acts bijectively on Vn for n ≥ 0, (vn)n≥0 and (un)n≥0 contain a common path of length m if
and only if the images g · (vn)n≥0 and g · (un)n≥0 contain a common path of length m, so the action
of G on Pd is equicontinuous with respect to the metric D, where we can take δ = ǫ for every ǫ > 0.
Many actions of discrete groups arising from arboreal representations of Galois groups have non-
trivial isotropy; in fact, the actions with ‘as much isotropy as possible’ are often of interest since they
are related to certain questions in number theory [35]. For example, an open problem in the area
of arboreal representations is to determine for which rational functions the image of the arboreal
representation has finite index in Aut(T ). In Theorem 1.8 of this paper, for representations which
have finite index in Aut(T ) we show that the associated discrete group action has non-stable (wild)
asymptotic discriminant. We give an example of an arboreal representation where the asymptotic
discriminant is stable in Theorem 1.9. In this theorem, the arboreal representation is given by the
polynomial f(x) = (x+ p)d − p over finite extensions of the p-adic numbers.
We now prepare to state our main theorems, which will be proved in the subsequent sections. In
order to do that we first need to review some background concepts and previous results.
Consider the action Φ : G → Homeo(X) of a discrete group G on a Cantor set X , and let g˜ be
the element in Maps(X,X) = XX defined by g ∈ G. The closure E(X,G,Φ) of the set {g˜ |
g ∈ G} in the topology of pointwise convergence is a compact subset of XX and has the structure
of a semigroup, called the enveloping (or Ellis) semigroup [7, 24, 25]. If the action (X,G,Φ) is
equicontinuous, then the Ellis semigroup E(X,G,Φ) is a group of homeomorphisms, and E(X,G,Φ)
coincides with the closure Φ(G) inHomeo(X) in the uniform topology. For equicontinuous actions on
Cantor sets the Ellis group Φ(G) is a compact Hausdorff totally disconnected group. By compactness,
open subgroups of Φ(G) have finite index in Φ(G), and so by [46, Theorem 2.1.3] Φ(G) is a profinite
group. The group Φ(G) ⊂ Homeo(X) acts on the Cantor set X by homeomorphisms.
If the action (X,G,Φ) is minimal, that is, the orbits of points in X are dense, then the action of
Φ(G) on X is transitive, that is, the Cantor set X is a single orbit of this action. For a point x ∈ X ,
denote by Φ(G)x = {g˜ ∈ Φ(G) | g˜ ·x = x} the isotropy subgroup of the Ellis group action at x. The
subgroup Φ(G)x is closed, and the natural action of G on the coset space Φ(G)/Φ(G)x is conjugate
with (X,G,Φ) [7].
Theorem 1.2, stated below and proved in [19], allows us to explicitly compute the Ellis group and
the isotropy subgroup of its action at a given point x ∈ X . For a given descending chain
{Gn}n≥0 = {G0 ⊃ G1 ⊃ · · · }, G0 = G,
of finite index subgroups of G, denote by G∞ = lim
←−
{G/Gn+1 → G/Gn} the inverse limit of coset
spaces, with bonding maps induced by the inclusions gGn+1 ⊂ gGn. There is a natural left action
of G on G∞, given by the left multiplication
g · (g0G0, g1G1, . . .) = (gg0G0, gg1G0, . . .).(2)
We denote such action by (G∞, G). An adaptation of the result in [13] to group actions, which can
be found in the Appendix in [19], shows that if (X,G,Φ) is minimal and equicontinuous, and x ∈ X ,
then there exists a descending chain of finite index subgroups {Gn}n≥0 and a homeomorphism
φ : X → G∞, such that φ(x) = e, where e = (eGn) denotes the sequence of cosets of the identity
e ∈ G, and φ(g ·y) = g ·φ(y) for all y ∈ X and all g ∈ G. That is, (X,G,Φ) and (G∞, G) are pointed
conjugate.
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For each Gn in the group chain, denote by Cn =
⋂
g∈G
gGng
−1 its maximal normal subgroup. Maximal
normal subgroups form a descending chain {Cn}n≥0, and their inverse limit
C∞ = lim
←−
{G/Cn+1 → G/Cn}
is a profinite group. The subgroup
Dx = lim
←−
{Gn+1/Cn+1 → Gn/Cn}
contains elements of C∞ which fix x.
THEOREM 1.2. [19] Let (X,G,Φ) be a minimal equicontinuous group action, and let x ∈ X.
Let {Gn}n≥0 be a descending chain of finite index subgroups such that (G∞, G) and (X,G,Φ) are
conjugate. Then there exists an isomorphism φ˜ : Φ(G) → C∞ of the Ellis group onto the inverse
limit group C∞, which restricts to the isomorphism φ˜ : Φ(G)x → Dx of the isotropy groups.
Although a standing assumption in [19, 21, 33] was that G is a finitely generated group, the reason
for that was not any restrictions imposed by proofs or by the properties of the objects considered.
The motivation in [19, 21, 33] was to study and classify the dynamics of weak solenoids, and for a
group to act on the Cantor fibre of a weak solenoid it must be realizable as a homomorphic image
of a fundamental group of a closed manifold. This leads to the assumption of finite generation in
[19, 21, 33]. However, the notion of the Ellis group does not require finite generation, and finite
generation was not used in any of the proofs in [19, 21, 33]. One easily checks that Theorem 1.2
and all results in [19, 21, 33] which we use in this paper are true for countably generated groups as
well. However, some related results on strong quasi-analyticity in [3, 4] may require the finite (more
precisely, compact) generation assumption.
The homeomorphisms φ and φ˜ in Theorem 1.2 depend on the choice of a point x ∈ X and a group
chain {Gn}n≥0, as discussed in more detail in [19]. The Ellis group Φ(G) depends only on the action
(X,G,Φ), and the isotropy group Φ(G)x depends on the choice of x ∈ X up to an isomorphism.
Thus the cardinality of the isotropy group Dx is an invariant of the action (X,G,Φ).
The relationship between the cardinality of Φ(G)x and the properties of the action was studied in
[19, 20, 21]. In particular, the isotropy group Φ(G)x is trivial if and only if the subgroups in the
group chain {Gn}n≥0 can be chosen to be normal (such actions are called G-odometers in [17]). For
example, for the actions of abelian groups the isotropy group Φ(G)x is always trivial. Automorphisms
of the minimal equicontinuous Cantor system (G∞, G) (where G acts on the left) are given by the
right action of elements of C∞ on G∞. It is shown in [19] that the group of automorphisms acts
transitively on G∞ if and only if the isotropy group Φ(G)x
∼= Dx is trivial. Thus non-triviality of Dx
is seen as an obstruction to the transitivity of the action of the automorphism group of (G∞, G), and
for this reason it was called the discriminant group in [19]. The article [19] also contains examples
of actions with finite non-trivial discriminant group, and examples where the discriminant group is
a Cantor group.
The cardinality of the discriminant group of (X,G,Φ) may change if one restricts the action to a
clopen subset of X , see examples in [19]. That is, the cardinality of Dx reflects the global properties
of the action. The idea on how to use the Ellis group to develop a local invariant stems from [21]
and was fully developed in the joint paper with Hurder [33]. The idea is as follows.
The existence of a homeomorphism φ : X → G∞ allows us to define a series of clopen partitions Cn
of X , where the sets in the n-th partition are in bijection with the cosets in G/Gn. The action of G
on X permutes the sets in Cn, and the bijection commutes with the action of G on Cn and on G/Gn.
We denote by Xn the set in the partition Cn which contains the point x. Then the restricted action
Φn = Φ|Xn of G on Xn is the action of the subgroup Gn, which is minimal and equicontinuous.
EXAMPLE 1.3. Let T be a d-ary tree with minimal and equicontinuous action of a discrete group
G as in Example 1.1. Let X = Pd be the space of infinite paths in T .
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Let x = (vn)n≥0 be a path. Let Gn = {g ∈ G | g · vn = vn} be the subgroup of elements in G which
fix the vertex vn, called the stabilizer of vn, or the isotropy subgroup of the action of G at vn. Since
G acts transitively on the finite set Vn, then we have |G : Gn| = |G/Gn| = |Vn| = dn, so Gn has
finite index in G. If g ∈ G fixes vn, then it fixes vi for 0 ≤ i < n, which implies that Gn ⊂ Gi for
0 ≤ i < n. So the isotropy subgroups form a nested chain {Gn}n≥0 of finite index subgroups of G.
For n ≥ 0 let Xn = Un(vn) = {(yi) ∈ X | yn = vn}, that is, Xn contains all infinite paths through
the vertex vn ∈ Vn. If g ∈ Gn and (yi) ∈ Xn, then g fixes the n-th vertex yn = vn, but may act
non-trivially on vertices at the levels i > n. Thus the restriction of the action of G to Xn is given
by the action of the isotropy subgroup Gn. This concludes Example 1.3.
We now consider the collection of restricted group actions (Xn, Gn,Φn). For each action there is an
Ellis group Φn(Gn) and the isotropy group Φn(Gn)x of the Ellis group action at x. Theorem 1.2
allows us to obtain representations of the Ellis groups and the isotropy subgroups as inverse limits
of finite groups. For each n ≥ 0 denote the inverse limits by En and Dnx respectively. As we explain
in more detail in Section 2.3, there are natural maps
D0x
ψ0,1 // D1x
ψ1,2 // D2x // · · ·(3)
between the discriminant groups, which are surjective group homomorphisms. These homomor-
phisms need not be injective.
DEFINITION 1.4. The asymptotic discriminant of an equicontinuous minimal action (X,G,Φ)
is the equivalence class of the chain of surjective homomorphisms (3), with respect to the equivalence
relation defined in Section 2.3.
The asymptotic discriminant of an equicontinuous minimal group action was introduced and studied
in [33] and it was shown to be an invariant of return equivalence of group actions; see [14] for a
rigorous definition and properties of return equivalence. Again, even though [33] makes an assump-
tion of finite generation of the group G, the proofs translate verbatim to the case of a countably
generated G. The introduction of the asymptotic discriminant allowed us to divide equicontinuous
minimal Cantor actions into two large classes, as in the following definition.
DEFINITION 1.5. An equicontinuous minimal group action (X,G,Φ) is stable if there exists
an integer m ≥ 0 such that for all n ≥ m the group homomorphisms ψn,n+1 : Dnx → Dn+1x in
the asymptotic discriminant (3) are isomorphisms. If such an m does not exist, then the action
(X,G,Φ) is wild.
If the action is stable (wild), we also say that its asymptotic discriminant is stable (wild).
An uncountable family of distinct wild actions of subgroups of SL(k,Z) for k ≥ 3 was constructed
in [33]. In [21], every finite group and every separable profinite group were realized as discriminant
groups of stable actions of subgroups of SL(k,Z), k ≥ 3. In those examples, given a finite or a
separable profinite group D, we constructed an action of a subgroup of SL(k,Z) such that for every
n ≥ 0 in the sequence (3) we have Dnx ∼= D, and every map ψn,n+1 is an isomorphism.
If the discriminant group D0x in (3) is trivial, then for every n ≥ 0 the discriminant group Dnx is
trivial, and the action (X,G,Φ) (and all restricted actions (Xn, Gn,Φn)) is free. The converse need
not be true, that is, it is possible to construct a free minimal equicontinuous action of a discrete
group on a Cantor set which has a non-trivial discriminant group. The first example of an action
with this property was obtained in [22]. Stable actions of subgroups of SL(k,Z), described in the
previous paragraph are also examples of free actions.
The last background concept we need to review before stating our main theorems is arboreal repre-
sentations of the absolute Galois group of a field K.
For a field K, let Ksep be a separable closure of K. Then the absolute Galois group Gal(Ksep/K)
of K is the group of field automorphisms of Ksep which fix K. Let f ∈ K[x] be a polynomial of
degree d ≥ 2. Denote by fn = f ◦ · · · ◦ f the n-th iterate of f . For a fixed α ∈ K, the polynomial
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equation fn(x) = α has dn zeros, counting multiplicities, in an algebraic closure K of K. We will
assume that for any n ≥ 1, the dn zeros are distinct, and so they are contained in the separable
closure Ksep.
We are now going to build a tree of preimages of α under the iterations fn. To this end, let
V0 = {α}, let Vn = f−n(α) for n ≥ 1, that is, Vn is the set of the solutions of the polynomial
equation fn(x) = α. Let V =
⊔
n≥0 Vn be the set of vertices of an infinite tree T , where we connect
b ∈ Vn+1 and c ∈ Vn by an edge if and only if f(b) = c. Since all zeros of fn are distinct, every
vertex c ∈ Vn is connected to precisely d vertices in Vn+1, so the tree T is a d-ary rooted tree as in
Example 1.1. We denote by Tn the finite subtree of T with vertices V0 ∪ · · · ∪Vn. Denote by Aut(T )
and Aut(Tn) the automorphism groups of T and Tn respectively. It is well-known (see, for instance,
[8]), that Aut(Tn) = [Sd]
n, where [Sd]
n denotes the n-fold wreath product of symmetric groups Sd,
and Aut(T ) = lim
←−
[Sd]
n ∼= [Sd]∞.
For n ≥ 1, let Kn = K(f−n(α)), that is, Kn is a separable extension of K obtained by adjoining the
solutions of the polynomial equation fn(x) = α. Then Gal(Ksep/K) acts on Vn by permuting its
elements, and the image of Gal(Ksep/K) in Aut(Tn) is a subgroup Hn of the wreath product [Sd]
n.
We assume that fn(x) − α is irreducible, so Hn acts transitively on Vn. One has Kn ⊂ Kn+1, and
there are natural maps Hn+1 → Hn [44, Lemma 4.1] , so we obtain a representation
ρf,α : Gal(K
sep/K)→ H∞ = lim
←−
{Hn+1 → Hn} ⊆ Aut(T ),(4)
called the arboreal representation of Gal(Ksep/K) into the group of automorphisms of the tree T .
REMARK 1.6. In the construction above, we made an assumption that every iterate fn(x) − α
is irreducible to ensure that the Galois groups K(f−n(α))/K act transitively on the levels Vn of the
tree T . Transitivity of the action is required for our main Theorem 1.7. We note however that an
arboreal representation (4) is defined even if this assumption is not satisfied, although in this case
the actions of the Galois groups of the field extensions are considerably more complicated, see the
discussion after Theorem 2.4 in [35].
The study of arboreal representations of Galois groups was initiated by Odoni [44], motivated by
the relation of arboreal representations to certain questions about the density of primes. One of the
questions posed by Odoni was to identify fields and polynomials, for which the representation (4) is
surjective. Recently the study of this and related questions has seen an outburst of activity, see, for
example, Jones [35] for a recent survey. An extensive list of open questions can be found at [1, 2].
In this paper, we show that arboreal representations give rise to minimal equicontinuous actions of
countably generated discrete groups on Cantor sets. Thus we obtain a new class of examples of such
actions. Moreover, we compute the asymptotic discriminant, introduced in [33] in the topological
setting, for these actions.
A remark on terminology is in order. The reader should remember that the asymptotic discriminant
of Cantor group actions, studied here, is a completely different notion to the ‘discriminant of a poly-
nomial’, which is the product of squares of differences of polynomial roots. These two discriminants
should not be confused.
We are now ready to state our main theorems.
Recall that Pd denotes the space of infinite paths in the d-ary tree T , which is a Cantor set by
Example 1.1. We denote by v = (vn)n≥0 a path in Pd. Given a descending group chain {Gn}n≥0, we
denote by e the sequence of cosets of the identity in the inverse limit G∞ = lim
←−
{G/Gn+1 → G/Gn}.
THEOREM 1.7. Let f(x) be a polynomial of degree d ≥ 2 over a field K, and α ∈ K. Let H∞ be
the image of the arboreal representation ρf,α as in (4), and let v be a path in Pd. Then there exists
a countably generated discrete group G, and a group homomorphism
Φ : G→ Homeo(Pd),(5)
such that the following is true:
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(1) There is an isomorphism
φ˜ : Φ(G)→ H∞(6)
of the Ellis group Φ(G) ⊂ Homeo(Pd) of the action (5) onto the image of the arboreal
representation (4).
(2) There is a descending chain {Gn}n≥0 of subgroups of finite index in G, such that there is a
homeomorphism
φ : G∞ = lim
←−
{G/Gn+1 → G/Gn} → Pd(7)
of Cantor sets, with φ(e) = v, and for all u ∈ Pd and all g ∈ Φ(G) we have
φ˜(g) · φ(u) = φ(g(u)).(8)
Theorem 1.7 associates a group chain {Gn}n≥0 to an arboreal representation ρf,α, and so allows us
to compute the asymptotic discriminant of the action of G. Our next theorems provide examples
of group actions with non-trivial stable or wild asymptotic discriminant which arise from arboreal
representations. In the rest of the paper, we sometimes say a ‘stable/wild arboreal representation’,
meaning that the asymptotic discriminant of the discrete group action associated to this arboreal
representation is stable/wild.
One of the current questions in the field of arboreal representations is to identify polynomials, such
that the image of the arboreal representation (4) has finite index in Aut(T ). This question is a slight
generalization of the original question of Odoni [44], about when such a representation is surjective.
Odoni conjectured that polynomials with surjective arboreal representations exist in every degree
d, and found the first specific example of such a polynomial for d = 2 and K = Q. Since then, a
flurry of results for polynomials of degree d = 2 have been obtained, we refer to Jones [35] for an
overview. Examples of polynomials satisfying the Odoni conjecture in all prime degrees d ≥ 3 for
K = Q were obtained by Looper [40]. Juul [37] studied this question for rational functions over
fields of positive characteristic. Examples in even degrees d ≥ 20 over Q were recently obtained by
Kadets [38]. Benedetto and Juul [10] found examples in even degrees d over any number field K,
and in odd degrees when K does not contain Q(
√
d,
√
d− 2). Examples in every positive degree
were also obtained by Specter [50].
Generically one expects arboreal representations to have finite index in Aut(T ). A conjecture by
Jones states that if f is a quadratic rational function, then the image of the arboreal representation
has finite index in Aut(T ) unless one of the four specific obstructions is present, see [35, Section 3]
and specifically Conjecture 3.11. Our second result is that if the image in (4) has finite index in
Aut(T ), then the asymptotic discriminant of the associated discrete group action is wild.
THEOREM 1.8. Let K be a field, let f(x) be a polynomial of degree d ≥ 2, and let α ∈ K. Let
ρf,α be the associated arboreal representation, given by (4), with image H∞. Let G be a countably
generated discrete group acting on the space of paths Pd of the d-ary rooted tree T , given by Theorem
1.7. If H∞ has finite index in Aut(T ), then the action of G on the space of paths Pd is wild.
The proof of Theorem 1.8 is geometric, and it does not require the knowledge of specific polynomials
or groups in terms of generators and relations. The proof is based on the relationship of the asymp-
totic discriminant with the strong quasi-analytic property of actions. The strong quasi-analytic (or
strong quasi-effective) property for pseudogroup actions was introduced in [3]. For a special case
of group actions on Cantor sets, there is an explicit relationship with the algebraic invariant of the
asymptotic discriminant, which was studied in [33].
Our next examples use representations of Galois groups in terms of generators and relations.
Denote by Qp the field of p-adic numbers, where p is an odd prime, and let K be a finite unramified
extension of Qp with residual degree m. That is, [K : Qp] = m, and the residue field of K is the
finite field Fq, where q = p
m. Such an extension is obtained by adjoining to Qp the (q − 1)-st roots
of unity. An unramified extension of K of degree s > 0 is obtained by adjoining to K (qs − 1)-st
roots of unity.
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Let L be a finite Galois extension of K with ramification index e and residual degree s. Then
[L : K] = es, and the residual field of L is Fqs . We assume that e is coprime to p, that is, L is
a tamely ramified extension of K. Denote by Ktame the maximal tamely ramified extension of K.
Then [15, 43] we have an isomorphism
Gal(Ktame/K) ∼= ̂BS(1, q),
where ̂BS(1, q) denotes the profinite completion of a Baumslag-Solitar group
BS(1, q) = 〈σ, τ | στσ−1 = τq〉.
THEOREM 1.9. Let p and d be distinct odd primes. Let K be a finite unramified extension of Qp
with residue field Fq, where q = p
m, and consider the arboreal representation ρf,0, where
f(x) = (x+ p)d − p.
Then there exists a sequence of integers {cn}, and a non-decreasing unbounded sequence of integers
{sn}, such that the Galois group of the extension K(f−n(0))/K is given by
Hn = 〈τ, σ | στσ−1 = τq, τcnd
n
= 1, σsn = 1〉,(9)
so that Hn = BS(1, q)/Cn, where
Cn = 〈τcnd
n
, σsn〉.(10)
There is a choice of a path v ∈ Pd such that the associated group chain {Gn}n≥0 consists of the
groups
Gn = 〈τcnd
n
, σ〉 ⊂ BS(1, q), where G0 = G = BS(1, q).(11)
For each n ≥ 0, the discriminant group Dn
v
is a Cantor group, and the homomorphism Dn
v
→ Dm
v
is an isomorphism for all m > n, so the action is stable.
The example of the polynomial in Theorem 1.9 is standard in Galois theory, and representations
for Galois groups (9) can be found in the literature. The main difficulty of Theorem 1.9 lies in
computing the groups in (11), and the asymptotic discriminant. This is the novel aspect of this
theorem.
Having introduced a procedure of computing the asymptotic discriminant for arboreal representa-
tions of Galois groups, one can pose many questions for further work. The most interesting among
them, in the author’s opinion, is the following.
The question when an arboreal representation has finite index in Aut(T ) is of interest in arithmetic
dynamics due to its applications to the problems about density of primes in number theory. Accord-
ing to Theorem 1.8 in this paper, if an arboreal representation has finite index in Aut(T ), then it
is wild. The converse implication is most likely not true, that is, there may exist arboreal represen-
tations with wild asymptotic discriminant, whose image has infinite index in Aut(T ). The reason
we conjecture that to be true is that finite index subgroups of Aut(T ) are topologically countably
(infinitely) generated, see Remark 2.15, while there exist examples of actions of finitely generated
groups [21, 33], arising in the topological setting, which are wild. It was shown in [33] that an action
is wild if and only if it is not locally completely strongly quasi-analytic (LCSQA), see Section 2 for
a precise definition of this property. Thus the following question is natural.
QUESTION 1.10. Is it possible to relate the LCSQA property of group actions on Cantor sets, or
the absence of that, with questions in number theory?
Finding examples of topologically finitely generated arboreal representations with wild asymptotic
discriminant is an interesting question in itself. A possible candidate for such an example may be
the one in [9].
Other possible problems are the following. Ingram [34] showed that if a polynomial f(x) over a finite
extension K/Qp of degree not divisible by p has good reduction, and the point α is not in the Julia
set of f(x), then the arboreal representation ρf,α has finite index in a certain subgroup of Aut(T ).
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We conjecture that the methods of Theorem 1.9 may be extended to this class of polynomials to
show that the associated action of a discrete group G on the path space Pd, given by Theorem 1.7, is
stable with infinite discriminant group. Another interesting problem is to compute the asymptotic
discriminant of the arboreal representation associated to the polynomial f(x) = (x + p)d − p over
K = Q, for α = 0. For this polynomial, the Galois groups of field extensions Kn are known.
Anderson, Hamblen, Poonen and Walton [5] considered arboreal representations of the polynomial
f(x) = xℓ − c over a finite extension K/Qp. In this case the behavior of the arboreal representation
depends on whether p divides ℓ, and on the valuation of c. It would be interesting to investigate the
properties of the asymptotic discriminant for these actions.
Finally, there is an interesting link between arboreal representations and the dynamics of self-similar
actions of iterated monodromy groups on trees, as in [42]. Namely, take K = C(t) to be the field of
rational functions over the complex numbers, let f(z) be a polynomial with complex coefficients, and
take α = t. In this case the Galois group H∞ of the extension of K, obtained by adjoining the roots
of fn(z) = t, for n ≥ 1, is called the profinite iterated monodromy group of f(z). By Proposition
6.4.2 in Nekrashevych [42], attributed by Nekrashevych to R. Pink, this group is isomorphic to the
closure of the action of the discrete iterated monodromy group associated to a partial self-covering
f :M1 →M, where M1 ⊂M are subsets of C. Thus in this case the discrete iterated monodromy
group is a natural choice for a discrete group in Theorem 1.7. Iterated monodromy groups are well-
studied, see [42] for references and main techniques. In the case when f(z) is post-critically finite,
that is, the critical points of f(z) have finite forward orbits under f , the discrete iterated monodromy
group is finitely generated, and so the profinite iterated monodromy group is topologically finitely
generated. Some interesting cases for quadratic f(z) were studied by Pink [45], who showed that
actions of different iterated monodromy groups may have conjugate closures in Aut(T ). The work
in progress [41] studies the asymptotic discriminant of actions of iterated monodromy groups in the
case when f(z) is post-critically finite.
Acknowledgements. The author thanks Nicole Looper for sharing her knowledge about arboreal
representations of Galois groups, and for suggesting local fields as a suitable base field for examples.
Thanks are also due to Steve Hurder for his interest in this project, and for comments on the
first draft of this article. The author thanks the anonymous referee for suggesting many useful
improvements to the exposition of the paper.
2. The asymptotic discriminant of an equicontinuous Cantor action
In this section, we recall the necessary background on equicontinuous Cantor actions and the as-
ymptotic discriminant. Main references for this section are works [22, 19, 21, 33].
2.1. Equicontinuous actions on Cantor sets. Let X be a Cantor set, that is, a compact totally
disconnected perfect metrizable space. Recall [51, Section 30] that a space X is perfect if every point
x ∈ X is an accumulation point of a non-constant sequence of points in X . In other words, no point
of X is isolated.
Let D be a metric on X , and suppose Φ : G→ Homeo(X) defines an action of a countably generated
discrete group G on X . The action (X,G,Φ) is equicontinuous, if for any ǫ > 0 there exists δ > 0
with the following property: for any g ∈ G and any x, y ∈ X such that D(x, y) < δ we have
D(Φ(g)(x),Φ(g)(y)) < ǫ.
The action of a discrete group G on the path space of a d-ary rooted tree in Example 1.1 is an
example of a minimal and equicontinuous action on a Cantor set.
DEFINITION 2.1. Let G be a countably generated discrete group. A nested descending sequence
{Gn}n≥0 = G0 ⊃ G1 ⊃ G2 ⊃ · · · of finite index subgroups of G is called a group chain.
Let {Gn}n≥0 be a group chain as in Definition 2.1. Then for every n ≥ 0 the coset space G/Gn
is a finite set. Give G/Gn discrete topology, then by a standard argument the inverse limit
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G∞ = lim
←−
{G/Gn+1 → G/Gn} is a Cantor set. There is a natural action of G on G∞ given by
(2). This action is transitive on every finite coset space G/Gn, so by an argument similar to the one
in Example 1.1 the action (G∞, G) is minimal and equicontinuous. We call (G∞, G) the dynamical
system associated to a group chain {Gn}n≥0.
It turns out that every minimal equicontinuous group action on a Cantor set is conjugate to a
dynamical system, associated to a group chain as in Definition 2.1. This is a consequence of the
following statement, which can be found in [13] and [19, Appendix] for the case when G is finitely
generated. The proof carries on to the case of countably generated groups verbatim, so we omit the
details.
PROPOSITION 2.2. Let X be a Cantor set, and let G be a countably generated group acting on
X. Suppose that the action of G on X is equicontinuous, and let x ∈ X be a point. Then there is a
descending chain of clopen sets X = V0 ⊃ V1 ⊃ · · · with
⋂
Vn = {x} such that:
(1) For each n ≥ 0 the collection of translates {Φ(g)(Vn)}g∈G is a finite partition of X into
clopen sets.
(2) The collection of elements which preserve Vn, that is,
Gn = {g ∈ G | Φ(g)(Vn) = Vn},
is a subgroup of finite index in G.
Thus G = G0 ⊃ G1 ⊃ G2 ⊃ · · · is a descending chain of subgroups of finite index, moreover, there
is a homeomorphism
φ : X → G∞ = lim
←−
{G/Gn+1 → G/Gn}
such that φ(g · y) = g · φ(y) for all y ∈ X and g ∈ G, and such that φ(x) = e, where e = (eGn)
denotes the sequence of cosets of the identity.
Example 1.3 in the Introduction shows how to associate a group chain to the action of a group G
on a Cantor set of paths in a d-ary tree T .
For a given equicontinuous action (X,G,Φ), the choice of an associated chain {Gn}n≥0 depends on
a choice of a point x ∈ X , and on a choice of clopen sets V1 ⊃ V2 ⊃ · · · , that is, the choice of the
group chain {Gn}n≥0 is not unique.
EXAMPLE 2.3. Let (X,G,Φ) be an equicontinuous action, x ∈ X be a point, and X = V0 ⊃
V1 ⊃ V2 ⊃ · · · be a collection of clopen sets as in Proposition 2.2. Let y ∈ X be another point. By
Property (1), for each n ≥ 0 the translates {Φ(g)(Vn)}g∈G form a clopen partition of X , so there
is a (non-unique) element gn ∈ G such that y ∈ Un = Φ(gn)(Vn). The collection of elements which
preserve the clopen set Un is the conjugate subgroup gnGng
−1
n , and, associated to the point y, there
is a group chain {G′n = gnGng−1n }n≥0. The inverse limit G′∞ = lim←−{G/G
′
n+1 → G/G′n} is a Cantor
set, and G acts on G′∞ equicontinuously. The actions (G∞, G) and (G
′
∞, G) are conjugate, that is,
there is a homeomorphism ψ : G∞ → G′∞ such that ψ(g · y) = g · ψ(y) for all y = (gnGn) ∈ G∞
and all g ∈ G. This isomorphism need not preserve the basepoint, that is, the image ψ(e) of the
sequence e = (eGn) of cosets of the identity need not be equal to (eG
′
n).
Rogers and Tollefson [47] suggested to use the following notion of equivalence of group chains to
study the question when two group chains define conjugate actions.
DEFINITION 2.4. [47] In a group G, two group chains {Gn}n≥0 and {Hn}n≥0 with G0 = H0 = G
are equivalent if there is a group chain {Kn}n≥0 and infinite subsequences {Gnk}k≥0 and {Hjk}k≥0
such that K2k = Gnk and K2k+1 = Hjk for k ≥ 0.
Intuitively, two group chains are equivalent if they can be ‘intertwined’ to form a single descending
group chain. Fokkink and Oversteegen [22] investigated equivalence of group chains, determining
when two group chains correspond to conjugate actions. A detailed proof of their result, stated
below, can also be found in [19].
ARBOREAL CANTOR ACTIONS 11
THEOREM 2.5. [22] Let (X,G,Φ) and (X,G,Ψ) be equicontinuous actions on a Cantor set X
with associated group chains {Gn}n≥0 and {Hn}n≥0, G0 = H0 = G. Then the actions (X,G,Φ)
and (X,G,Ψ) are conjugate if and only if there exists a sequence of elements (gn) ∈ G such that
{gnGng−1n }n≥0 and {Hn}n≥0 are equivalent group chains.
In Theorem 2.5, the elements gn satisfy the condition gnGm = gmGm for n ≥ m, which ensures
that the chain {gnGng−1n }n≥0 is nested. By this theorem, to study an action (X,G,Φ) in terms of
group chains, it is sufficient to consider the chains of conjugate subgroups {gnGng−1n }n≥0, where
gnGm = gmGm for n ≥ m.
2.2. Ellis group for equicontinuous actions. The Ellis (enveloping) semigroup associated to a
continuous group action Φ: G × X → X on a topological space X was introduced in the papers
[26, 23], and is treated in the books [7, 24, 25]. The construction of the Ellis semigroup is abstract,
and it can be a difficult problem to calculate this group exactly. In the case when the action (X,G,Φ)
is equicontinuous, and X is a Cantor set, the situation is a bit simpler, as the Ellis semigroup turns
out to be a group and it can be identified with a subgroup of Homeo(X). In this section we briefly
recall some basic properties of the Ellis group for a special case of equicontinuous minimal systems
on Cantor sets.
Let X be a metric space, and G be a countably generated group acting on X via the homomorphism
Φ : G → Homeo(X). Suppose the action (X,G,Φ) is equicontinuous. Then the closure Φ(G) ⊂
Homeo(X) in the uniform topology on maps is identified with the Ellis group of the action. Each
element of Φ(G) is the limit of a sequence of maps in Φ(G), and we use the notation (gn) to denote
a sequence {gn | n ≥ 0} ⊂ G such that the sequence {Φ(gn) | n ≥ 0} ⊂ Homeo(X) converges in the
uniform topology.
Assume that the action of G on X is minimal, that is, for any x ∈ X the orbit Φ(G)(x) is dense in
X . Then the orbit of the Ellis group Φ(G)(x) = X for any x ∈ X . That is, the group Φ(G) acts
transitively on X . Denote the isotropy group of the action at x by
Φ(G)x = {(gn) ∈ Φ(G) | (gn) · x = x},(12)
where (gn)·x := (gn)(x), for a homeomorphism (gn) in Φ(G). We then have the natural identification
X ∼= Φ(G)/Φ(G)x of left G-spaces.
Given an equicontinuous minimal Cantor system (X,G,Φ), the Ellis group Φ(G) depends only on
the image Φ(G) ⊂ Homeo(X), while the isotropy group Φ(G)x of the action may depend on the
point x ∈ X . Since the action of Φ(G) is transitive on X , given any y ∈ X , there is an element
(gn) ∈ Φ(G) such that (gn) · x = y. It follows that
Φ(G)y = (gn) · Φ(G)x · (gn)−1 .(13)
This tells us that the cardinality of the isotropy group Φ(G)x is independent of the point x ∈ X ,
and so the Ellis group Φ(G) and the cardinality of Φ(G)x are invariants of (X,G,Φ).
By Proposition 2.2, given an equicontinuous minimal Cantor action (X,G,Φ) and a point x ∈ X ,
there is a group chain {Gn}n≥0 such that (X,G,Φ) and (G∞, G) are conjugate. We now describe
the Ellis group of the action (X,G,Φ) using group chains. For details we refer to [19].
For every Gn consider the core of Gn, that is, the maximal normal subgroup of Gn given by
(14) Cn = coreGGn =
⋂
g∈G
gGng
−1 ⊆ Gn .
Since Cn is normal in G, the quotient G/Cn is a finite group, and the collection {Cn}n≥0 forms a
descending chain of normal subgroups of G. The inclusions Cn+1 ⊂ Cn induce surjective homomor-
phisms of finite groups, given by
G/Cn+1 → G/Cn : gCn+1 7→ gCn.
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The inverse limit space
C∞ = lim
←−
{G/Cn+1 → G/Cn} ⊂
∏
n≥0
G/Cn(15)
is a profinite group. Also, since Gn+1 ⊂ Gn and Cn+1 ⊂ Cn, there are well-defined homomorphisms
of finite groups δn : Gn+1/Cn+1 → Gn/Cn, and the inverse limit group
Dx = lim
←−
{Gn+1/Cn+1 → Gn/Cn}
is called the discriminant group of this action.
THEOREM 2.6. [19] The profinite group C∞ is isomorphic to the Ellis group Φ(G) of the action
(X,G,Φ), and the isotropy group Φ(G)x of the Ellis group action is isomorphic to Dx.
By Proposition 2.2, the group chain {Gn}n≥0 depends on the choice of a point x ∈ X , and on the
choice of a sequence of clopen sets X = V0 ⊃ V1 ⊃ · · · such that the isotropy group of the action of
G on Vn is Gn. Since the groups Cn are normal, they do not depend on the choice of x ∈ X , but they
may depend on the choice of the clopen sets {Vn}n≥0. For any choice of x and {Vn}n≥0, the group
C∞ is isomorphic to the Ellis group Φ(G), so C∞ is independent of choices up to an isomorphism.
One can think of C∞ as a choice of ‘coordinates’ for the Ellis group Φ(G).
Similarly, the discriminant group Dx does not depend on choices up to an isomorphism. We note
that, since Dx is a closed subgroup of a compact group C∞, it can either be finite or an infinite
profinite group which is topologically a Cantor set.
2.3. The asymptotic discriminant. Let (X,G,Φ) be a group action on a Cantor set, let x be a
point and let {Gn}n≥0 be an associated group chain, that is, the actions (X,G,Φ) and (G∞, G) are
conjugate. Recall from Proposition 2.2 that the groups Gm, m ≥ 0, preserve the clopen sets Vm,
that is, for each m ≥ 0 the restricted action Φm = Φ|Vm is the action of Gm.
Set Xm = Vm, and consider a family of equicontinuous group actions (Xm, Gm,Φm). Then for each
m ≥ 0 we can compute the Ellis group of the action, and the isotropy group at x as follows.
For each n ≥ m ≥ 0, compute the maximal normal subgroup of Gn in Gm by
(16) Cmn = coreGm Gn ≡
⋂
g∈Gm
gGng
−1 ⊂ Gm .
Note that Cmn is the kernel of the action of Gm on the quotient set Gm/Gn, and C
0
n = Cn. Moreover,
for all n > k ≥ m ≥ 0, we have Cmn ⊂ Ckn ⊂ Gn ⊂ Gk ⊂ Gm, and Cmn is a normal subgroup of Gk.
EXAMPLE 2.7. As in Example 1.3, consider a d-ary tree T and let X = Pd be the space of paths
in T . Let G be a discrete group acting minimally and equicontinuously on X . Let (vn)n≥0 ∈ X be
an infinite path, and denote by Un(vn) = {(yi) ∈ Pd | yn = vn} a clopen subset of paths containing
the vertex vn. As in Example 1.3, let Gn = {g ∈ G | g · vn = vn} be the isotropy subgroup of the
action of G on Vn at vn. Set Xn = Un(vn), and Φn = Φ|Xn . Then we have a collection of restricted
actions (Xn, Gn,Φn).
For every n ≥ 0 the maximal normal subgroup Cn of Gn in G consists of elements which fix every
vertex in Vn. Let m > 0, and consider (Xm, Gm,Φm). The paths in Xm = Um(vm) are contained
entirely in a subtree T≥vm of T , whose root is the unique path between v0 and vm. The group
Gm permutes the paths in T≥vm while fixing the root. For n ≥ m, the maximal normal subgroup
Cmn of Gn in Gm acts trivially on the vertices in the intersection Vn ∩ T≥vm , possibly permuting
non-trivially the vertices in Vn which are not in the subtree T≥vm . Thus every element of Gn which
is in Cn is also in C
m
n , but elements of C
m
n need not be in Cn. So we have Cn ⊆ Cmn .
Define the profinite group
Cmk,∞
∼= lim
←−
{
Gk/C
m
n+1 → Gk/Cmn | n ≥ k
}
(17)
= {(gnCmn ) | n ≥ k , gk ∈ Gk , gn+1Cmn = gnCmn } .(18)
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Then Cmm,∞ is the Ellis group of the action (Xm, Gm,Φm), with an associated group chain {Gn}n≥m.
In particular, C00,∞ = C∞, defined by (15) .
Since Gk ⊂ Gm, by definition we have that Cmk,∞ ⊂ Cmm,∞, and so Cmk,∞ is a clopen neighborhood of
the identity in Cmm,∞.
The discriminant group associated to the truncated group chain {Gn}n≥m is given by
Dmx = lim
←−
{
Gn+1/C
m
n+1 → Gn/Cmn | n ≥ m
} ⊂ Cmm,∞(19)
= lim
←−
{
Gn+1/C
m
n+1 → Gn/Cmn | n ≥ k
} ⊂ Cmk,∞,(20)
where we have Dmx ⊂ Cmk,∞ since Gn ⊂ Gk for n ≥ k. The last statement can be rephrased as saying
that the discriminant group Dmx is contained in any clopen neighborhood of the identity in Cmm,∞.
To relate the discriminant groups Dmx and Dkx for k ≥ m, we define the following maps.
For each n ≥ k ≥ m ≥ 0, the inclusion Cmn ⊂ Ckn induces surjective group homomorphisms
φnm,k : Gn/C
m
n −→ Gn/Ckn ,(21)
and the standard methods show that the maps in (21) yield surjective homomorphisms of the clopen
neighborhoods of the identity in Cmm,∞ onto the profinite groups C
k
k,∞,
φ̂m,k : C
m
k,∞ → Ckk,∞,(22)
which commute with the left action of G. Let Dm,k ⊂ Cmk,∞ denote the image of Dmx under the map
(22). It then follows from (21) that for k > m ≥ 0, there are surjective homomorphisms,
(23) Dx = D0x
φ̂0,m−→ D0,m ∼= Dmx
φ̂m,k−→ Dkx .
Thus, given an equicontinuous group action (X,G,Φ) on a Cantor set X , there is an associated
sequence of surjective homomorphisms of discriminant groups (23), associated to the sequence of
truncated group chains {Gn}n≥m, m ≥ 0.
We now define an equivalence relation on sequences of group homomorphisms as in (23), called the
tail equivalence, first introduced by the author in the joint work with Hurder [33].
DEFINITION 2.8. [33] Let A = {φn : An → An+1 | n ≥ 1} and B = {ψn : Bn → Bn+1 | n ≥ 1}
be two sequences of surjective group homomorphisms. We say that A and B are tail equivalent, and
write A t∼ B, if the sequences of groups A and B are intertwined by a sequence of surjective group
homomorphisms. That is, there exists:
(1) an increasing sequence of indices {pn | n ≥ 1 , pn+1 > pn ≥ n ≥ 1};
(2) an increasing sequence of indices {qn | n ≥ 1 , qn+1 > qn ≥ n ≥ 1};
(3) a sequence C = {τn : Cn → Cn+1 | n ≥ 1} of surjective group homomorphisms;
(4) a collection of isomorphisms ΠAC ≡ {ΠnAC : Apn → C2n−1 | n ≥ 1};
(5) a collection of isomorphisms ΠBC ≡ {ΠnBC : Bqn → C2n | n ≥ 1};
such that for all n ≥ 1, the following diagram commutes:
· · ·Apn
φpn //
ΠnAC ∼=

· · ·
φpn+1−1// Apn+1
φpn+1 //
Πn+1
AC
∼=

· · ·
φpn+2−1// Apn+2
φpn+2 //
Πn+2
AC
∼=

· · ·
· · ·C2n−1τ2n−1 // C2n τ2n // C2n+1 τ2n+1 // C2n+2 τ2n+2 // C2n+3 τ2n+3 // C2n+4 · · ·
· · ·
ψqn−1
// Bqn ψqn
//
Πn
BC
∼=
OO
· · ·
ψqn+1−1
// Bqn+1 ψqn+1
//
Πn+1
BC
∼=
OO
· · ·
ψqn+2−1
// Bqn+2
Πn+2
BC
∼=
OO
· · ·
(24)
14 OLGA LUKINA
A sequence A is constant if each map φn : An → An+1 is an isomorphism for all n ≥ 1, and B is said
to be asymptotically constant if it is tail equivalent to a constant sequence A. The following result
follows from the usual method of “chasing of diagrams”.
LEMMA 2.9. [33] A sequence B = {ψn : Bn → Bn+1 | n ≥ 1} of surjective homomorphisms is
asymptotically constant if and only if there exists n0 ≥ 1 such that ker(ψn) is trivial for all n ≥ n0.
We now use the ‘tail equivalence’ of group chains of Definition 2.8 to introduce the notion of the
asymptotic discriminant of a minimal Cantor action, and the notions of a stable and a wild action.
DEFINITION 2.10. [33] Let (X,G,Φ) be an action of a countably generated group G on a Cantor
set X, and let {Gn}n≥0 be an associated group chain. Then the asymptotic discriminant for {Gn}n≥0
is the tail equivalence class [Dmx ]∞ of the sequence of surjective group homomorphisms
(25) [Dmx ]∞ = {ψm,m+1 : Dmx → Dm+1x | m ≥ 1}
defined by the discriminant groups Dmx for the restricted actions of Gm on the clopen sets Xm ⊂ X.
The action (X,G,Φ) is stable if the asymptotic discriminant [Dmx ]∞ is asymptotically constant, and
the action is wild otherwise.
It was shown in [33] that the asymptotic discriminant is invariant under return equivalence of group
actions. Intuitively, two actions (X1, G,Φ) and (X2, G,Ψ) are return equivalent, if there are clopen
sets U ⊂ X1 and V ⊂ X2 such that the collections of local homeomorphisms of U and V , induced by
the actions, are compatible in a sense made precise in [14]. This notion is analogous to the notion
of Morita equivalence for groupoids. In the joint work with Hurder [33], the author constructed
an uncountable number of minimal Cantor actions of the same subgroup of SL(n,Z) with pairwise
distinct asymptotic discriminants. These actions are not return equivalent.
If an action (X,G,Φ) is stable, then its asymptotic discriminant is asymptotically constant, which
means that there exists m0 ≥ 0 such that for all k > m ≥ m0, the group homomorphisms φ̂m,k
defined in (23), are isomorphisms. It was shown in [21] that every finite group, and every separable
profinite group D, can be realized as the discriminant group of a stable minimal Cantor action, that
is, in these examples Dkx ∼= D for k ≥ m0.
2.4. Strong quasi-analyticity. In this section we briefly describe the relationship between the
stability of the action, as defined in Definition 2.10, and geometric properties of the action. For
details, we refer the reader to [33].
The strong quasi-analyticity condition for pseudogroup actions was introduced by J. A´lvarez Lo´pez
and A. Candel as the quasi–effective property in Definition 9.4 in [3], and in revised form as Def-
inition 2.18 in [4]. This condition was motivated by the search for a property equivalent to the
quasi-analyticity condition introduced by Haefliger [31] for smooth foliations. We will not reproduce
the definition of [3] here, as we would like to avoid defining pseudogroups and pseudogroup dynam-
ics. Instead we state a version of this definition, adapted to minimal equicontinuous Cantor actions,
as in [21].
DEFINITION 2.11. Let (X,G,Φ) be a minimal equicontinuous group action. Then (X,G,Φ) is
locally strongly quasi-analytic (LSQA) if and only if for each x ∈ X there exists an open set U ∋ x,
such that the following property holds for any g ∈ G: suppose V ⊂ U is a clopen subset such that
the restriction g|V is the identity map. Then g|U is the identity map.
Thus, if the action (X,G,Φ) is LSQA, then there is a subset U ⊂ X so that we can uniquely extend
the action of every element g ∈ G from a clopen subset V ⊂ U to U . In other words, the restriction
of the action of G to U is locally determined. By Proposition 2.2, for any U there is a clopen subset
Xn ⊂ U such that the set of elements Gn = {g ∈ G | g ·Xn = Xn} is a subgroup of finite index in
G. Without loss of generality we then can assume U = Xn, and the action (X,G,Φ) is LSQA if and
only if there is an n ≥ 0 such that the restricted action (Xn, Gn,Φn) is locally determined.
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DEFINITION 2.12. Let (X,G,Φ) be a minimal equicontinuous action of a group G on a Cantor
set X. We say that (X,G,Φ) is locally completely strongly quasi-analytic (LCSQA) if and only if
for each x ∈ X the action of the Ellis group Φ(G) is LSQA.
REMARK 2.13. Let Φ : G → Homeo(X) be a group action on a metric space X . If X is
compact, and the action is equicontinuous, then the uniform topology on maps and the compact-
open topology on Homeo(X) coincide. If the image Φ(G) is compact, then Φ(G) is equal to its
closure in Homeo(X), and then the concepts of LSQA and LCSQA actions coincide. If Φ(G) is
properly contained in its closure in Homeo(X), as is the case for minimal equicontinuous Cantor
actions, and the action is LCSQA, then the action is LSQA. A´lvarez Lo´pez and Candel [3] gave an
example of an equicontinuous non-minimal action which is LSQA but not LCSQA. It is not known
at the moment if there exist examples of minimal actions which are LSQA but not LCSQA.
The relationship between the LCSQA property of group actions and their asymptotic discriminant
was studied in [33]. In particular, Proposition 7.4 of [33] can be rephrased as follows.
PROPOSITION 2.14. [33, Proposition 7.4] Let (X,G,Φ) be a minimal equicontinuous action
of a countably generated group G on a Cantor set X, and x ∈ X be a point. Let {Gn}n≥0 be
an associated group chain, and let [Dmx ]∞ be the asymptotic discriminant of the action. Then the
asymptotic discriminant [Dmx ]∞ is asymptotically constant if and only if the action (X,G,Φ) is
LCSQA.
Using Proposition 2.14, in some cases it is possible to determine that a minimal equicontinuous action
(X,G,Φ) is wild without computing the asymptotic discriminant, as in the following example.
2.5. Example: Automorphism group of a spherically homogeneous tree. Let T be a tree,
that is, T consists of the set of vertices V = ∪n≥0Vn, where Vn is finite, and of the set of edges E,
where an edge t = [a, b] can join two vertices a and b only if a ∈ Vn−1 and b ∈ Vn, and every vertex
b ∈ Vn is joined to precisely one vertex in Vn−1. We assume that |V0| = 1, that is, T is rooted.
We also assume that T is spherically homogeneous, that is, there is a sequence of positive integers
(ℓ1, ℓ2, . . .) such that every vertex v ∈ Vn−1 is joined by an edge to precisely ℓn vertices in Vn. Note
that in this case the following holds: for n ≥ 1 let Ln be a set with ℓn elements, then Vn ∼= Vn−1×Ln.
We use this property of spherically homogeneous trees to compute the automorphism group of T
below. Note that V1 ∼= V0 × L1 ∼= L1. Also, we assume that ℓn 6= 1 for infinitely many n ≥ 1. If
ℓn = d for all n ≥ 1, where d ≥ 2, then T is a d-ary tree as in Example 1.1.
A path in T is an ordered infinite sequence of vertices (vn)n≥0 such that for all n ≥ 0 we have
vn ∈ Vn, and, for n ≥ 1, there is an edge [vn−1, vn] ∈ E . Denote by P the set of all such paths, and
put a topology on P as in Example 1.1. Then P is a Cantor set.
An automorphism g of a tree T permutes the vertices within each level Vn, while preserving the
connectedness of the tree. That is, for all n ≥ 1 the vertices vn−1 ∈ Vn−1 and vn ∈ Vn are joined by
an edge if and only if g(vn−1) ∈ Vn−1 and g(vn) ∈ Vn are joined by an edge. Thus Aut(T ) acts on
infinite paths in the tree. The automorphism group of a spherically homogeneous tree T is computed
in [8]. We recall the computation now.
Denote by Sℓn the symmetric group on ℓn elements. The group Sℓn acts by permutations on
the set Ln with ℓn elements, and we denote by · this action. For every n ≥ 1, fix a bijection
bn : Vn−1 × Ln → Vn.
Denote by Tn the finite subtree of T with vertex set V0∪· · ·∪Vn, and by Aut(Tn) the automorphism
group of Tn. The tree T1 has V1 = L1 vertices at level 1, so
Aut(T1) ∼= Sℓ1 .
Now suppose Aut(Tn−1) is known. Denote by f : Vn−1 → Sℓn a function which assigns to each
vertex vn−1 ∈ Vn−1 a permutation of Ln, and let SVn−1ℓn = {f : Vn−1 → Sℓn} be the set of all such
functions. Then the wreath product
S
Vn−1
ℓn
⋊Aut(Tn−1)(26)
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acts on Vn−1 × Ln by
(f, s)(vn−1, w) = (s(vn−1), f(s(vn−1)) · w).(27)
That is, the action (27) permutes the copies of Ln in the product Vn−1 × Ln, while permuting
elements within each copy of Ln independently. Pushing forward the action to Vn via the bijection
bn, we obtain an isomorphism
Aut(Tn) ∼= SVn−1ℓn ⋊Aut(Tn−1) ∼= S
Vn−1
ℓn
⋊ S
Vn−2
ℓn−1
⋊ · · ·⋊ Sℓ1 .(28)
In the case when ℓk = d for 1 ≤ k ≤ n, we sometimes write Aut(Tn) ∼= [Sd]n for the n-fold wreath
product in (28).
There are natural epimorphisms Aut(Tn) → Aut(Tn−1), induced by the projection on the second
component in (26). Thus the automorphism group of the tree T is the profinite group
Aut(T ) = lim
←−
{Aut(Tn)→ Aut(Tn−1), n ≥ 1} ∼= · · ·SVn−1ℓn ⋊ S
Vn−2
ℓn−1
⋊ · · ·⋊ Sℓ1 .(29)
If ℓn = d for n ≥ 1, then we sometimes write Aut(T ) ∼= [Sd]∞.
Since Aut(T ) is the inverse limit of a collection of finite groups, indexed by natural numbers, then
it is topologically countably generated [52, Proposition 4.1.3]. More precisely, there is a countable
collection of elements G0 = {g1, g2, · · · } ⊂ Aut(T ), such that the abstract subgroup G generated by
G0 is dense in Aut(T ) as a set. Denote also by G this subgroup with discrete topology. Since G
is identified with a subgroup of Aut(T ), and Aut(T ) acts on the space of paths P , we obtain the
action (P , G) of a countably generated discrete group G on a Cantor set P . It is straightforward
that Aut(T ) is isomorphic to the Ellis group of the action (P , G).
We claim that this action is wild in the sense of Definition 2.10. Indeed, the following argument
shows that the action (P , G) is not LCSQA, and then by Proposition 2.14 it is wild.
To show that the action of Aut(T ) is not LCSQA, for every open subset U of P we exhibit an
element which is the identity on a smaller clopen subset U ′ ⊂ U , but which is not the identity on U .
Consider cylinder sets in P of the form Un(v) = {(yi)i≥0 ∈ P | yn = v}, where v ∈ Vn is a vertex,
and n ≥ 0. That is, Un(v) contains all paths in T passing through the vertex v. We denote by T≥v
an infinite connected subtree of T with the following property: a path (yi)i≥0 is in Un(v) if and only
if (yi)i≥0 is a subset of T≥v. Note that since Un(v) is a clopen subset of a Cantor set P , it is also a
Cantor set.
Let U be an open set in P . Then U contains a clopen set Uk(v) for some v ∈ Vk, k ≥ 0, so without
loss of generality we can assume that U = Uk(v). Denote by Aut(T≥v) the subgroup of Aut(T )
which fixes all paths outside of Uk(v). We now compute Aut(T≥v) explicitly.
For 0 ≤ n ≤ k the intersection Vn ∩ T≥v is a single point, so the restriction of Aut(T≥v) to the level
Vn∩T≥v is the trivial group. The intersection T≥v ∩Tk+1 is a finite graph with ℓk+1 vertices at level
k + 1, that is,
T≥v ∩ Vk+1 ∼= Lk+1.
It follows that the restriction of Aut(T≥v) to the subgraph T≥v ∩ Tk+1 of T≥v is isomorphic to the
symmetric group Sℓk+1 . Following a similar inductive procedure as the one we used to compute
Aut(T ), we obtain that the restriction of Aut(T≥v) to the finite subgraph T≥v ∩ Tk+2 is isomorphic
to the wreath product
S
Lk+1
ℓk+2
⋊ Sℓk+1 ,
and, inductively,
Aut(T≥v) ∼= · · ·⋊ SLn−1×···×Lk+1ℓn ⋊ S
Ln−2×···×Lk+1
ℓn−1
⋊ · · ·⋊ Sℓk+1 .(30)
If ℓn = d for all n ≥ k, then Aut(T≥v) ∼= [Sd]∞.
We now show that Aut(T≥v) contains automorphisms which are the identity on a clopen subset of
Uk(v), but are not the identity on Uk(v). Let m > k, and let w ∈ T≥v ∩ Vm. Then the set Um(w)
of paths containing w is a clopen subset of Uk(v). The complement Uk(v) − Um(w) is also clopen.
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The group Aut(T≥w) is a subgroup of Aut(T≥v), where non-trivial elements are automorphisms
which fix the complement Uk(v)−Um(w) and act non-trivially on Um(w). Thus for every clopen set
U = Uk(v) we produced a collection of elements Aut(T≥w) which are the identity on a clopen subset
of U but do not extend to the identity map on U . Therefore, the action of G on P is not LCSQA.
REMARK 2.15. We note that Aut(T ) is not topologically finitely generated. Indeed, if Aut(T )
is finitely generated, then its abelianization Aut(T )ab must be finitely generated. But Aut(T ) is
the infinite wreath product of symmetric groups Sℓn , n ≥ 0. The commutator subgroup of Sℓn
is the alternating group Aℓn , and Sℓn/Aℓn = Z/2Z. It follows that Aut(T )
ab ∼= ∏∞n=1 Sℓn/Aℓn is
isomorphic to the infinite product of copies of Z/2Z, which is not topologically finitely generated.
This argument is the same as in [11] and in [35, Theorem 3.1].
3. Asymptotic discriminant for arboreal representations
In this section, we prove Theorem 1.7 and Theorem 1.8.
Recall that in the Introduction we defined the arboreal representation
ρf,α : Gal(K
sep/K)→ H∞ = lim
←−
{Hn+1 → Hn} ⊂ Aut(T )(31)
of a polynomial f(x) of degree d ≥ 2 over a field K. Here T is a tree with vertex set V0∪· · ·∪Vn∪· · · ,
where V0 = α and Vn = f
−n(α), n ≥ 1, that is, the vertices in Vn are identified with the solutions
of the equation fn(x) = α. The vertices a ∈ Vn+1 and b ∈ Vn are joined by an edge if and only
if f(a) = b. Throughout the paper, we assume that for each n ≥ 1 the zeros of fn(x) = α are all
distinct. Then |Vn| = dn, and every vertex in Vn is joined by edges to precisely d vertices in Vn+1.
That is, the tree T is a d-ary tree as in Example 1.1.
The groups Hn in (31) act on Vn by permutations. The groups Hn are isomorphic to the Galois
groups of the field extensionsK(f−n(α))/K, obtained by adjoining toK the solutions of the equation
fn(x) = α. By our assumption that fn(x)− α is irreducible over K for all n ≥ 1, we have that Hn
acts transitively on Vn. The inverse limit H∞ is a profinite group isomorphic to the Galois group
of the infinite extension of K, obtained by adjoining to K the solutions of fn(x) = α for all n ≥ 1.
This isomorphism is easily seen to be topological (see [52, Chapter 3] on the topology of profinite
Galois groups).
The proof of Theorem 1.7 below is based on two main ideas. Recall from the introduction that we
denote by Pd the space of paths of a d-ary rooted tree T .
First note that the image of the arboreal representation H∞ is a profinite group, while we are
looking for a sequence of subgroups of an infinite discrete group G. Since H∞ is the inverse limit
of a collection of finite groups, indexed by natural numbers, then it contains a countably generated
dense subgroup G [52, Proposition 4.1.3]. We give G the discrete topology, and consider the action
of G on the space of paths Pd in a tree T . Then we identify the Galois groups Hn with the quotient
groups G/Cn, from where we can determine the groups Cn and Gn.
We repeat the statement of Theorem 1.7 for the convenience of the reader. Recall that, given
a descending group chain {Gn}n≥0, we denote by e the sequence of cosets of the identity in the
inverse limit G∞ = lim
←−
{G/Gn+1 → G/Gn}.
THEOREM 3.1. Let f(x) be a polynomial of degree d ≥ 2 over a field K, and α ∈ K. Let H∞
be the image of the arboreal representation ρf,α as in (31), and let v be a path in Pd. Then there
exists a countably generated discrete group G, and a group homomorphism
Φ : G→ Homeo(Pd),(32)
such that the following is true:
(1) There is an isomorphism
φ˜ : Φ(G)→ H∞(33)
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of the Ellis group Φ(G) ⊂ Homeo(Pd) of the action (32) onto the image of the arboreal
representation (31).
(2) There is a chain {Gn}n≥0 of subgroups of finite index in G, such that there is a homeomor-
phism
φ : G∞ = lim
←−
{G/Gn+1 → G/Gn} → Pd(34)
of Cantor sets, with φ(e) = v, and for all u ∈ Pd and all g ∈ Φ(G) we have
φ˜(g) · φ(u) = φ(g(u)).(35)
Proof. By [52, Proposition 4.1.3], H∞ contains a countable collection G0 = {g1, g2, . . .} of elements,
such that the closure of H = 〈G0〉 is H∞. Let G be H with discrete topology. Then G is a countably
generated discrete group, which is identified with a dense subgroup H of H∞.
Denote by · the action of H∞ on the space of paths Pd of the tree T . The identification of G with
the subgroup H ⊂ H∞ induces the homomorphism (32), that is, it defines an action of G on Pd. By
Example 1.1 the action (32) is minimal and equicontinuous.
Let ϕn : H∞ → Hn be the natural projection onto Hn, and denote by en the trivial permutation in
Hn. Then the normal subgroups
Wn = ker ϕn = ϕ
−1
n (en)
form a system of open neighborhoods of the identity (en) ∈ H∞ [46, Lemma 2.1.1]. The subgroups
Wn are clopen of finite index [46, Lemma 2.1.2]. For n ≥ 0, set
Cn = H ∩Wn,
then Cn is a normal subgroup of H . Since H is dense in H∞, the restriction ϕn|H : H → Hn is
a surjective homomorphism, with ker ϕn|H = Cn. Thus Cn has finite index in H . By a standard
argument {Cn}n≥0 = C0 ⊃ C1 ⊃ C2 · · · is a descending chain of finite index normal subgroups of H .
The group G is identified with H . For each n ≥ 0 let Cn be the subgroup of G, identified with Cn.
Then {Cn}n≥0 is a chain of normal subgroups of finite index in G, such that
H/Cn ∼= G/Cn ∼= Hn.(36)
The isomorphisms (36) induce the topological group isomorphism
C∞ = lim
←−
{G/Cn+1 → G/Cn} → H∞(37)
of the inverse limits. We now associate to the action a group chain {Gn}n≥0, and show that C∞ is
isomorphic to the Ellis group of the action.
Since G acts on Pd by permutations of paths, there is a natural projection of Φ to the action
Φn : G→ Perm(Vn),
where Perm(Vn) denotes the group of permutations of the finite set Vn. By construction the image
Φn(G) in Perm(Vn) is isomorphic to Hn, and kerΦn = Cn, where kerΦn is the set of elements
acting on Vn trivially.
Recall that we are given a path v = (vn)n≥0, and for each n ≥ 0 consider the isotropy subgroup of
the action of G at vn, given by
Gn = {g ∈ G | Φn(g)(vn) = vn}.
Clearly Cn ⊆ Gn. Since Hn, and thus G, acts transitively on Vn, we can naturally identify the coset
space G/Gn with Vn. To this end, define the bijective map φn : G/Gn → Vn by
φn(gGn) = xn ∈ Vn if and only if Φn(g)(vn) = xn.(38)
It follows from the definition (38) that for all g, h ∈ G we have
φn(hgGn) = Φn(h)(φn(gGn)) = h · φn(gGn).(39)
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To see that Cn is the maximal normal subgroup of Gn, let a subgroup K ⊂ Gn be normal. Then for
any g ∈ G and any k ∈ K we have kg = gk′ for some k′ ∈ K. Acting by k on a coset gGn we obtain
kgGn = gk
′Gn = gGn,
since K ⊂ Gn. Thus elements in the normal subgroup K act trivially on G/Gn, and so K ⊆ Cn.
Since {Gn}n≥0 is a chain of isotropy groups, and for each n ≥ 0, Cn is a maximal normal subgroup
of Gn, it follows by Theorem 1.2 that the inverse limit group C∞ in (37) is topologically isomorphic
to the Ellis group Φ(G) of the action (32). Combining this isomorphism with the one in (37), we
obtain the isomorphism (33).
Taking the inverse limit φ = lim
←−
φn, one obtains a homeomorphism (34), which satisfies (35) for all
u ∈ Pd and all g ∈ Φ(G) since every φn has property (39). This extends to the condition (35) on
the closures of Φ(G) and H . 
We now give our first examples of arboreal representations, which give rise to wild actions of count-
ably generated groups on a Cantor set Pd, that is, we prove Theorem 1.8. The proof of the theorem
is geometric, it uses the non-LCSQA property of wild actions, and it does not require us to know
presentations of Galois groups in terms of generators and relations. We restate Theorem 1.8 now
for the convenience of the reader.
THEOREM 3.2. Let K be a field, let f(x) be a polynomial of degree d ≥ 2, and let α ∈ K. Let
ρf,α be the associated arboreal representation, given by (31), with image H∞. Let G be the countably
generated discrete group, given by Theorem 3.1, acting on the space of paths Pd of the d-ary rooted
tree T . If H∞ has finite index in Aut(T ), then the action of G on the space of paths Pd is wild.
Proof. In the proof, we use notation of Section 2.5. Recall from Section 2.5 that if T is a spherically
homogeneous tree with ℓk = d, for k ≥ 1, then its automorphism group is the inverse limit
Aut(T ) = lim
←−
{Aut(Tn)→ Aut(Tn−1)},(40)
where Aut(Tn) ∼= [Sd]n, and Sd is the symmetric group on d elements.
Denote by pn : Aut(T )→ Aut(Tn) the projection, and let en be the identity in Aut(Tn). Set
Wn = ker pn = p
−1
n (en),
then Wn = ker pn is a collection of finite index clopen subgroups of Aut(T ), which forms a funda-
mental system of neighborhoods of the identity in Aut(T ) [46, Lemma 2.1.1].
The group Wn contains permutations of paths in Pd, which fix every point in the vertex sets Vk for
0 ≤ k ≤ n, and which may act non-trivially on the subtrees T≥v for v ∈ Vn. The action on distinct
T≥v is independent, and Aut(T≥v) ∼= [Sd]∞ (see the example in Section 2.5), so we obtain
Wn ∼=
∏
v∈Vn
Aut(T≥v) ∼= [Sd]∞ × · · · × [Sd]∞︸ ︷︷ ︸
|Vn| times
.(41)
We want to show that if H∞ has finite index in Aut(T ), then it is a clopen subgroup of Aut(T ), and
so must contain Wn for some n ≥ 0. Since Aut(T ) is topologically infinitely generated (see Remark
2.15), H∞ having finite index in Aut(T ) is not sufficient to conclude that it is open. We must show
first that H∞ is closed.
The image of the arboreal representation H∞ is the inverse limit of finite groups Hn ⊂ Aut(Tn), so
it is closed in
∏
nHn [46, Lemma 1.1.2]. Note that the product topology on
∏
nHn is the relative
topology from the product topology on
∏
nAut(Tn), that is, W ⊂
∏
nHn is open (resp. closed)
if and only if there is an open (resp. closed) set W ′ ∈ ∏nAut(Tn) such that W = W ′ ∩∏nHn.
So since H∞ is closed in
∏
nHn, it is also closed in
∏
nAut(Tn). Since Aut(T ) is a subspace of∏
nAut(Tn) and has relative topology from
∏
nAut(Tn), H∞ is also closed in Aut(T ).
We now have that H∞ is a closed subgroup of finite index in Aut(T ). Then by [46, Proposition
2.1.2] it is also an open subgroup of Aut(T ). A clopen subgroup H∞ must contain a neighborhood
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of the identity Wn for some n ≥ 0. Choose v ∈ Vn, and let T≥v be a subtree of T containing paths
through v. The path space of T≥v is a clopen subset Un(v) = {(yi) ∈ Pd | yn = v}. By (41) H∞
contains the subgroup Aut(T≥v), which permutes the paths in Un(v) and fixes Pd − Un(v). By the
example in Section 2.5 the action of G ∩ Aut(T≥v) on Un(v) is not LCSQA and is, therefore, wild.
Thus the action of G on T is wild.

4. Stable arboreal representations
In this section we prove Theorem 1.9. Theorem 1.9 computes the asymptotic discriminant for the
arboreal representation of the polynomial f(x) = (x + p)d − p over unramified finite extensions of
the p-adic numbers Qp. So first we briefly recall a few facts about the structure of p-adic fields, and
about the Galois groups of their finite extensions.
4.1. Galois groups over finite extensions of p-adic numbers. For the background on the
p-adic numbers and their finite extensions, described here, we refer to [48, 49, 39, 12, 15].
Let p be a prime, and Zp = lim
←−
{Z/pnZ→ Z/pn−1Z} be the ring of p-adic integers. Denote by U
the group of invertible elements in Zp, then x ∈ U if and only if x is not divisible by p. Moreover,
for every x ∈ Zp there is a unique representation x = pnu, with u ∈ U and n ≥ 0. Non-invertible
elements form a unique maximal ideal mp in Zp [48]. A ring with unique maximal ideal is called a
local ring, so Zp is a local ring. The field Fp = Zp/mp is a field with p elements, called the residue
field of Zp.
The p-adic rationals Qp is the field of fractions (the quotient field) of the ring Zp. It can be obtained
by adjoining to Zp a single element, Qp = Zp[p
−1]. The rationals Q embed into Qp, so Qp is a field
of characteristic zero. The residue field Fp = Zp/mp has characteristic p.
Let K be a finite extension of Qp. Then K can be obtained by adjoining to Qp the roots of a
polynomial p(x) in Qp[x] [39, Chapter VII]. The ring of integers OK in K is defined to be the
integral closure of Zp in K [39, Chapter IX]. It turns out that OK contains a unique maximal ideal
mK , and the residue field k = OK/mK is a field of characteristic p with q = pm elements, where the
exponent m is called the residual degree of K/Qp. We have [k : Fp] = m. An extension K/Qp is
unramified if [K : Qp] = [k : Fp].
Assume thatK/Qp is unramified. The finite field k can be obtained from Fp by adjoining the roots of
the polynomial xq −x, so Gal(k/Fp) is cyclic, generated by the Frobenius automorphism σ(ζ) = ζp,
where ζ is a root of unity in the multiplicative group k∗. By Hensel’s lemma [49, 12] every ζ ∈ k∗
lifts to a root of unity in K. Moreover, one can show that the group of roots of unity in K of order
coprime to p is isomorphic to the multiplicative group of the residue field k. It follows that K is
obtained by joining to Qp the (q− 1)-st roots of unity. The Frobenius automorphism σ lifts from k∗
to an automorphism of K/Qp, also denoted by σ [15].
Let K be an unramified extension of Qp of degree m, and let L be a finite extension of K. As
above, k is the residue field of K, then k ∼= Fq, q = pm. Let ℓ be the residue field of L, and suppose
[ℓ : k] = s. Then ℓ is a field with qs elements, obtained by joining to k the (qs − 1)-st roots of unity.
Let Gal(L/K) be the Galois group of the field extension L/K, and let Gal(ℓ/k) be the Galois group
of the residue field extension. One can show that there is a surjective homomorphism
Gal(L/K)→ Gal(ℓ/k),
whose kernel I is called the inertia subgroup of Gal(L/K). The cardinality e of I is called the
ramification index of the extension L/K, and [L : K] = es.
An extension L/K is unramified if e = 1 and so [L : K] = s. An extension L/K is totally ramified
if s = 1 and so [L : K] = e. The extension L/K is tamely ramified if the ramification index e is
coprime to the residue characteristic p.
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So suppose the extension L/K under consideration is tamely ramified. Then L/K factors through a
unique unramified extension Ks/K with [Ks : K] = [ℓ : k]. Thus Ks is obtained by adding to K the
(qs − 1)-st roots of unity. The Galois group Gal(Ks/K) is cyclic, it is generated by the Frobenius
automorphism σ : ζ 7→ ζq, where ζ is a (qs − 1)-st root of unity in K.
The extension L/Ks is totally ramified, it is obtained by adding to Ks the roots of the polynomial
xq
s−1−p. This polynomial satisfies the Eisenstein criterion [49, 12], so it is irreducible. This implies
that the Galois group Gal(L/Ks) is cyclic of order q
s− 1. More precisely, if α is a root of xqs−1− p,
and ζ is a primitive (qs − 1)-st root of unity in Kn, then every root of xqs−1 − p in L is of the form
αζi, 1 ≤ i ≤ qs − 1. A generator τ of L/Kn is given by τ : αζi 7→ αζi+1.
Now consider the Galois group of the extension L/K. The Frobenius automorphism σ lifts from
Ks to an automorphism of L, given by σ : α 7→ α, ζ 7→ ζq. A generator of Gal(L/Ks) is given by
τ : ζ 7→ ζ, α 7→ αζ. Combining that together one obtains that [15]
Gal(L/K) = 〈σ, τ | στσ−1 = τq, σs = 1, τqs−1 = 1〉.(42)
The maximal unramified extension Kunr/K is obtained by adjoining to K the (qs − 1)-st roots of
unity for all s ≥ 1, and the maximal tamely ramified extension Ktame/Kunr by adjoining to Kunr
the (qs − 1)-st roots of p, for s ≥ 1. The extension Ktame/K contains all n-th roots of p for n
coprime to p, and there is an isomorphism [15]
Gal(Ktame/K) = ̂BS(1, q),(43)
where ̂BS(1, q) denotes the profinite completion of the Baumslag-Solitar group
BS(1, q) = 〈σ, τ | στσ−1 = τq〉.(44)
4.2. Arboreal representations over local fields. We now prove Theorem 1.9. For the conve-
nience of the reader, we restate the theorem before proving it.
THEOREM 4.1. Let p and d be distinct odd primes. Let K be a finite unramified extension of Qp
with residue field Fq, where q = p
m, and consider the arboreal representation ρf,0, where
f(x) = (x+ p)d − p.
Then there exists a sequence of integers {cn}, and a non-decreasing unbounded sequence of integers
{sn}, such that the Galois group of the extension K(f−n(0))/K is given by
Hn = 〈τ, σ | στσ−1 = τq, τcnd
n
= 1, σsn = 1〉,(45)
so that Hn = BS(1, q)/Cn, where
Cn = 〈τcnd
n
, σsn〉.(46)
Also, there is a choice of a path v ∈ Pd such that the associated group chain {Gn}n≥0 consists of
the groups
Gn = 〈τcnd
n
, σ〉 ⊂ BS(1, q), where G0 = G = BS(1, q).(47)
For each n ≥ 0, the discriminant group Dn
v
is a Cantor group, and the homomorphism Dn
v
→ Dm
v
is an isomorphism for all m > n, so the action is stable.
The presentations of Galois groups (45) can be deduced from the literature, see Section 4.1. The
original contribution of the theorem consists of finding explicit representations of the isotropy groups
Gn in (47), and of computing the discriminant groups Dnv . One of the components, needed to
compute the discriminant groups, is the behavior of the exponents {sn} in (46). We explain in
detail how sn arise in the proof below.
Proof. To compute the Galois groups of the iterates fn(x) of our polynomial we will use the fact
that f(x) is conjugate by a linear map to the power map xd. This is well-known in the field of the
arboreal representations (see, for example, [44]). We reproduce the computation here for readers
not familiar with arboreal literature.
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Let y be a solution of f(x) = 0, and consider x such that (x + p)d − p = y. Then
(y + p)d − p = ((x + p)d − p+ p)d − p = (x+ p)d2 − p = 0,
and inductively one obtains that the n-th iteration of fn(x) is given by
fn(x) = (x+ p)d
n − p.
Let yn be a solution of f
n(x) = 0, let zn = yn + p, and note that
(zn)
dn = (yn + p)
dn = p.
It follows that yn is a solution of f
n(x) = 0 if and only if zn = yn + p is a solution of pn(x) =
xd
n − p = 0. Since p is in K, adjoining zn to our ground field K generates the same extension as
adjoining yn to K. Thus
Gal(K(f−n(0))) = Gal(K(p−1n (0))).
We now can start the proof of Theorem 4.1. Denote Pn = K(p
−1
n (0)), that is, Pn is obtained by
adjoining to K the dn-th roots of p. We are going to find a tamely ramified extension Ln of K that
contains Pn.
Recall from Section 4.1 that adding to K the (qs − 1)-st roots of p produces a tamely ramified
extension of K. To find an extension that contains Pn, consider the equation
qx = 1 mod dn.(48)
That is, we are looking for a value of x such that qx − 1 is an integer multiple of dn.
Since q and d are coprime, a solution to (48) always exists, for example, one can take
x = φ(dn) = dn−1(d− 1),
where φ is the Euler totient function. Let sn > 0 be the smallest number such that (48) holds, that
is, 0 < sn ≤ φ(dn). Let cn > 0 be so that
qsn − 1 = cndn.(49)
Since sn is the smallest positive solution to (48), it is immediate that the sequence {sn} is non-
decreasing, and sn →∞ as n→∞.
Let Ln be a tamely ramified extension ofK of residual degree sn. Then the Galois group Gal(Ln/K)
is given by (42) with s = sn. Since d
n divides qsn − 1, the dn-th roots of p are contained in Ln, so
Pn ⊂ Ln. In (42), the generator τ has order (qsn − 1) and so acts transitively on the (qsn − 1)-st
roots of p. Then the power τcn has order dn, and it acts on the dn-th roots of p by permutations.
Next, let ζ be a primitive (qsn − 1)-st root of unity in Ln. If (ζi)dn = 1, then ((ζi)q)dn = 1, so the
Frobenius automorphism σ permutes the dn-th roots of p in Ln, and preserves Pn.
The Galois group Gal(Ln/K) injects into the multiplicative group (Z/d
nZ)∗, onto a subgroup gen-
erated by q. So the order of σ is equal to the order of q in (Z/dnZ)∗. The order of σ is the smallest
solution of (48), and is therefore equal to sn. Thus we obtain (45).
Now let H = BS(1, q), where BS(1, q) is given by (44). Then Hn = H/Cn, where
Cn = 〈τcnd
n
, σsn〉.(50)
Using (49) and Lemma A.1 in Appendix A, we conclude that Cn is a normal subgroup of H . We
now choose the path v in Pd and compute the group chain {Gn}n≥0.
Recall that by construction every vertex in Vn corresponds to a d
n-th root of xd
n − p, which in its
turn corresponds to a dn-th root of unity in the unramified extensionKn. The multiplicative identity
in Kn ∩Q is a dn-th root of unity; let vn be the vertex in Vn corresponding to this root. Clearly, we
have f(vn+1) = vn. Since the Frobenius automorphism σ fixes the multiplicative identity, it follows
that the isotropy group of the action of H at vn is
Gn = 〈τcnd
n
, σ〉.(51)
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We now compute the asymptotic discriminant for the group chain {Gn}n≥0. For n > m, denote by
Cmn the maximal normal subgroup of Gn in Gm, that is,
Cmn =
⋂
g∈Gm
gGng
−1.
PROPOSITION 4.2. For all m ≥ 0 the discriminant group
Dm
v
= lim
←−
{Gn+1/Cmn+1 → Gn/Cmn | n ≥ m}
is infinite and the homomorphisms Dm
v
→ Dk
v
, k > m ≥ 0, are isomorphisms.
That is, Proposition 4.2 proves that the action of H on the space of paths Pd in the tree T is stable.
Proof. Consider the subgroups Cmn of Gn. By [18], a finite index subgroup in BS(1, q) can be written
down as
Cmn = 〈τ ℓm,n , σkm,nτrm,n〉,
for some values rm,n, km,n and ℓm,n, where 0 ≤ rm,n ≤ ℓm,n − 1, and ℓm,n is coprime to q. That is,
Cmn is generated by two elements, which we now compute.
First, since Cn ⊂ Cmn ⊂ Gn, and both Cn and Gn have τcnd
n
as a generator, we have that ℓm,n =
cnd
n.
Second, since Cmn ⊂ Gn, a generator σkm,nτrm,n must be representable as the composition of the gen-
erators of Gn. The generators of Gn are τ
cnd
n
and σ. Formulas (60) and (61) in the Appendix show
that applying relations to a composition of generators of Gn preserves the number of occurrences of
σ in the composition, and so imply that rm,n must be a power of cnd
n. Since 0 ≤ rm,n ≤ cndn − 1,
we conclude that rm,n = 0. We now have
Cmn = 〈τcnd
n
, σkm,n〉.(52)
LEMMA 4.3. In (52), km,n is non-decreasing and km,n →∞ as n→∞.
Proof. Condition (57) in Lemma A.1 implies that for Cmn to be a normal subgroup of Gm we must
have
qkm,n = 1 mod
cnd
n
cmdm
.(53)
Different km,n, satisfying (53) correspond to different subgroups of Gn, and the smallest such km,n
corresponds to the maximal normal subgroup of Gn in Gm.
Since the sequence sn in (48) tends to infinity with n, for n large enough
cnd
n
cmdm
> 1, and the ratio
cnd
n
cmdm
is non-decreasing and tends to infinity with n. It follows that km,n →∞ as n→∞, and km,n
is non-decreasing. 
Note that k0,n = sn, since C
0
n = Cn.
We are now in a position to compute the discriminant group Dm
v
. We note that the cosets in Gn/C
m
n
are given by
Cmn , σC
m
n , . . . , σ
km,n−1Cmn ,
and the inclusions
Gn+1/C
m
n+1 → Gn/Cmn : σαCmn+1 7→ σαCmn
are clearly surjective. Since km,n →∞ as n→∞, the discriminant group
Dm
v
= lim
←−
{Gn+1/Cmn+1 → Gn/Cmn }
is an infinite profinite group.
We now have to show that the asymptotic discriminant is constant, that is, the surjective homo-
morphisms Dm
v
→ Dk
v
, k > m ≥ 0 are isomorphisms. For that it is enough to show that the
homomorphisms D0
v
→ Dm
v
are isomorphisms.
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So consider the surjective mappings, induced by coset inclusions Cn ⊂ Cmn , and given by
hn : Gn/Cn → Gn/Cmn : σαCn 7→ σαCmn .
In the limit, there is a surjective homomorphism
h∞ : D0v → Dmv(54)
which we now show to be injective.
Suppose (σanCn) 6= (σtnCn) ∈ D0v. Then there is r0 > 0 such that for all n ≥ r0 we have
σanCn 6= σtnCn, in other words, an 6= tn mod k0,n, and in particular an 6= tn mod k0,r0 .
By Lemma 4.3 the sequence km,n → ∞ as n → ∞ and km,n is non-decreasing, so we can find a
number N > 0 such that for all n > N we have km,n > k0,r0 . This implies that
an 6= tn mod km,n,
and the cosets σanCmn and σ
tnCmn are distinct. Thus
hn(σ
anCn) 6= hn(σtnCn).
Thus (54) is an isomorphism, and the action under consideration is stable. 
Appendix A. Subgroups of finite index in the Baumslag-Solitar group
Consider Baumslag-Solitar groups with a presentation
BS(1, q) = 〈τ, σ | στσ−1 = τq〉.
By [18], every subgroup of finite index in BS(1, q) can be represented using generators as
H = 〈τ ℓ, σmτs〉,(55)
where ℓ and q are coprime, 1 ≤ s ≤ ℓ− 1, and mℓ = k is the index of H . All subgroups are distinct
for different values of ℓ, s and m.
Also, H is normal in BS(1, q) if and only if these two conditions are satisfied at the same time:
a) ℓ | qm − 1 and b) ℓ | s(q − 1).(56)
In this section we make a computation similar to the ones in [18, Section 1] in order to determine
when a finite index subgroup S of BS(1, q) is normal in a proper subgroup H of BS(1, q). The
divisibility conditions of [18] can be obtained from ours by setting H = BS(1, q), up to a sign.
LEMMA A.1. Let t and r be coprime to q. Let H = 〈τr , σα〉 be a subgroup of BS(1, q), and let
S = 〈τ t, σmτs〉 be a subgroup of H, 0 ≤ s ≤ t− 1. Then
τr(σmτs)τ−r ∈ S if and only if t
r
divides 1− qm,(57)
σα(σmτs)σ−α ∈ S if and only if t divides s(qα − 1),(58)
σατ tσ−α ∈ S.(59)
That is, S is normal in H if and only if
t
r
divides 1− qm, and t divides s(qα − 1).
Proof. The relation στ = τqσ generates the identity
σuτ = τq
u
σu.(60)
Applying (60) β times yields the identity
σuτβ = τβq
u
σu.(61)
Note that r divides t, since S ⊂ H , and consider (57). Using (61) we obtain
τr(σmτs)τ−r = τrτ−rq
m
(τrq
m
σmτs)τ−r = τr(1−q
m)σmτs,
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then, for the cosets of S we have
τr(σmτs)τ−rS = τr(1−q
m)σmτsS = τr(1−q
m)S.
Then τr(1−q
m)S = S if and only if r(1 − qm) = ℓt for some ℓ, which implies that t
r
| 1− qm.
Now consider (58). Using (61) twice we obtain
σα(σmτs)σ−α = σm(σατs)σ−α = σmτsq
α
= σmτsq
α−sτs = τs(q
α−1)qmσmτs,
then for the cosets of S we have
σα(σmτs)σ−αS = τs(q
α−1)qmS,
and τs(q
α−1)qmS = S if and only if t | s(qα − 1)qm. Since by assumption gcd(q, t) = 1, we have that
τs(q
α−1)qmS = S if and only if t | s(qα − 1).
Finally, consider (59). Using (61) we obtain
σατ tσ−α = τ tq
α
σασ−α = τ tq
α
,
so σατ tσ−αS = S. 
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